While it has been pointed out that the chiral symmetry, which is important for the Dirac fermions in graphene, can be generalized to tilted Dirac fermions as in organic metals, such a generalized symmetry was so far defined only for a continuous low-energy Hamiltonian. Here we show that the generalized chiral symmetry can be rigorously defined for lattice fermions as well. A key concept is a continuous "algebraic deformation" of Hamiltonians, which generates lattice models with the generalized chiral symmetry from those with the conventional chiral symmetry. This enables us to explicitly express zero modes of the deformed Hamiltonian in terms of that of the original Hamiltonian. Another virtue is that the deformation can be extended to non-uniform systems, such as fermion-vortex systems and disordered systems. Application to fermion vortices in a deformed system shows how the zero modes for the conventional Dirac fermions with vortices can be extended to the tilted case.
I. INTRODUCTION
The chiral symmetry has served as one of the important symmetries in classifying the disordered systems [1] . For the two-dimensional massless Dirac fermions as in graphene [2] [3] [4] , it has been shown that the symmetry protects the zero-mode Landau levels, which gives rise to a criticality of the quantum Hall transition at the chargeneutrality point [5] [6] [7] . The chiral symmetry has then been extended to encompass more general cases, namely tilted Dirac fermions such as observed in an organic compound α-(BEDT-TTF) 2 I 3 [8] [9] [10] [11] [12] [13] [14] , where the robustness of the zero modes is retained for tilted massless as well as massive Dirac fermions [15, 16] . So far, however, the generalization has only been considered for the Dirac field in low-energy, effective Hamiltonians, so that it remains unclear whether lattice fermions respecting the generalized chiral symmetry can be constructed or even exist. Here, we explore exactly this issue, and we shall show how such a generalized chiral symmetry can be extended to lattice fermions. This is not only conceptually interesting, but would also facilitate numerical analyses based on lattice models to clarify the effect of symmetry. A key idea here is an introduction of a "continuous deformation" of Hamiltonians having the generalized chiral symmetry. The deformation, which does not change the basic profile of the zero-energy state, can be applied not only to effective Hamiltonians in the continuum limit, but also to lattice models. The deformation also turns out to be applicable to spatially non-uniform systems, so we shall discuss as a spin-off how the zero-energy solutions in the fermion-vortex system considered by Jackiw and Rossi [17, 18] are generalized for tilted Dirac fermions.
The conventional chiral symmetry is defined by the chiral operator Γ (with Γ 2 = 1) that anti-commutes with the Hamiltonian H (ΓHΓ = −H). For the conventional Dirac fermions as in graphene, the low-energy, effective Hamiltonian is expressed as H 0 = v F (σ x p x ± σ y p y ). The conventional chiral operator is then simply Γ = ±σ z . Here (σ x , σ y , σ z ) are Pauli matrices and (p x , p y ) the momentum. The conventional chiral symmetry is defined not only for effective Hamiltonians, but also for lattice models with a bipartite structure. The two-dimensional honeycomb lattice for graphene is indeed typical, where the lattice can be divided into A and B sub-lattices with transfer integrals only between A and B. It is then straightforward to see that the chiral operator reads, on the lattice, Γ = exp(iπ n∈A c † n c n ), where c † n (c n ) denotes the creation (annihilation) operator of an electron at atomic site n. On the other hand, the generalized chiral symmetry has so far been defined only for the lowenergy, effective Hamiltonian having tilted Dirac cones. Thus our goal is to explicitly construct or even generate systematically lattice models that have the rigorous generalized chiral symmetry.
Let us begin with the generalized chiral symmetry defined by the generalized chiral operator γ (γ 2 = 1), which is not hermitian but satisfies γ † Hγ = −H [15, 16] . For general tilted Dirac fermions described by the effective Hamiltonian,
with X and Y being three-dimensional real vectors, such γ exists as long as a condition, (X × Y ) 2 − η 2 > 0, is fullfilled with η = Y 0 X − X 0 Y , which is equivalent to the ellipticity of the Hamiltonian H as a differential operator [19] . An explicit expression for the generalized chiral operator γ is
where τ 0 is a unit vector parallel to (X × Y ) × η and tanh q = |η|/|X × Y |. The conventional chiral operator
Note that the operator T is not unitary but hermitian (T † = T ) with q real as long as |X × Y | > |η|. We shall use the algebraic expression (1) for the generalized chiral operator γ in terms of the conventional chiral operator Γ to propose a systematic deformation of Hamiltonians preserving the generalized chiral symmetry.
The present paper is organized as follows. After the introduction in section 2, we extend in section 3 our deformation to lattice fermions, where Dirac fermions are always doubled. In section 4. we analyze the consequences of our deformation in lattice models with the translational invariance. An application to the zero modes of the fermion-vortex system where the translational invariance is broken, is given in section 5. Section 6 is devoted to summary.
II. q-DEFORMATION FOR SINGLE DIRAC FERMION
Before a full description of the general deformation for lattice fermions, let us first discuss, for illustrative purpose, a deformation for effective, single Dirac fermions. We define a deformation H τ (q) of the original effective Hamiltonian H 0 as
with
where τ denotes an arbitrary unit vector and q a real parameter. Note that H τ (q) is hermitian, since T τ (q) is. We assume that the original Hamiltonian H 0 respects the conventional chiral symmetry, so that there exists a chiral operator Γ satisfying ΓH 0 Γ = −H 0 with Γ 2 = 1. We then define a generalized chiral operator γ by
It is straightforward to see that
The deformation (2) therefore generates systems with the exact generalized chiral symmetry from those with the conventional chiral symmetry. One of the important properties of this deformation is that the wave function of zero modes are explicitly given in terms of those of the original Hamiltonian H 0 . If we have a zero mode ψ 0 of the original H 0 satisfying H 0 ψ 0 = 0, the corresponding zero-mode of the deformed Hamiltonian is given by a simple transformation
The zero modes are thus retained by this deformation. Furthermore, if we recall that the zero modes of the original Hamiltonian can be taken as the eigenstates of the chiral operator Γ as Γψ 0 = ±ψ 0 , the transformed zero modes T τ (q)ψ 0 of the deformed Hamiltonian become the exact eigenstates of the generalized chiral operator γ as γ T τ (q)ψ 0 = T τ (q)Γψ 0 = ±T τ (q)ψ 0 . We can also note that the determinant of the Hamiltonian is invariant in the deformation (det H q = det H 0 ), which follows from det T τ (q) = 1.
It is verified directly that the present deformation indeed produces tilted Dirac fermions from vertical Dirac fermions. Namely, from H 0 = (X · σ)p x + (Y · σ)p y for vertical Dirac fermions, we obtain
This is nothing but the Hamiltonian for the tilted Dirac fermions except for the case τ ∝ (X × Y ).
Here the vector τ , which defines the present deformation, can be chosen arbitrarily, and is in principle independent of the vector n = X ×Y /|X ×Y | characterizing the conventional chiral operator, Γ = n · σ. However, we can emphasize that, even when the vector τ has a component parallel to n, such a component does not contribute to the tilting of the Dirac fermions, hence to the breaking of the conventional chiral symmetry. If we resolve τ into the components parallel τ and perpendicular τ ⊥ to n, we see that the parameters (
In the present paper, we therefore focus ourselves on the deformation where τ is perpendicular to n.
III. GENERALIZATION TO LATTICE FERMIONS

A. General formalism
Now we show that the deformation can be extended to lattice models. Generally, the Hamiltonian of a lattice model that can be reduced to a form,
with D x , D y and D z being N × N hermitian matrices, has the chiral symmetry if there exits a real vector n = (n x , n y , n z ) with n 2 = 1 satisfying the condition
This can be verified with the chiral operator defined as
that anti-commutes with the Hamiltonian, ΓHΓ = −H and Γ 2 = I 2N , where I N denotes the N × N identity matrix.
To be more specific, we consider a lattice model with a bipartite structure respecting the conventional chiral symmetry. Bipartite lattice models can be expressed as
, where a i (b i ) denotes the basis on the A(B) sub-lattice in the ith unit cell. The conventional chiral operator can then be defined as
We then define the deformation of such a chiral symmetric Hamiltonian as
where the generalized chiral operator is
Here τ = (τ x , τ y , τ z ) is an arbitrary three-dimensional real vector with the unit length (τ 2 = 1) and q a real parameter. We can readily see that the deformed lattice Hamiltonian H τ (q) respects the generalized chiral sym-
. It should be noted that this deformation can be performed for a wide variety of systems with or without the translational invariance, which cover disordered systems and fermion-vortex systems.
In this representation, the deformation becomes nontrivial only for the cases τ x = 0 or τ y = 0. As discussed toward the end of Section 2, we assume τ · n = 0, namely τ z = 0, for the deformation of bipartite lattice models. A non-trivial deformation respecting the time-reversal symmetry is therefore possible only when τ x = 0 and τ y = 0, for which the matrix T τ (q) = I N ⊗ exp(qσ x /2) becomes real and symmetric (see Appendix A). By contrast, a deformation with τ y = 0,e.g. Tŷ(q) = exp(qσ y /2), would break the time-reversal invariance because the matrix Tŷ(q) has complex matrix elements that induce additional complex transfer integrals of the deformed lattice Hamiltonians.
Since we can assume τ z = 0, we can represent τ = (cos θ, sin θ, 0). The matrix T τ (q) is then given by
then becomes
we have a simple relation,
which can be compared with the counterpart in the continuum [16] . If we denote the eigenstate of the Hamiltonian H τ (q) with an eigenenergy E as ψ E , this relation implies
which leads to
Completing the square as
where D(E) ≡ D − Ee −iθ sinh q and we have defined a nonorthogonal state Ψ with an "overlap" matrix T τ (2q) as
we arrive at a simplified eigenvalue problem,
where
B. Chiral symmetry breaking for lattice fermions
We can utilize the above formulation for discussing the effect of the symmetry breaking when a mass term, mΓ, is introduced. In the presence of the mass term, the deformed Hamiltonian becomes
If we defineH
Multiplying these operators to an eigenstate ψ
This means that E 2 is generally lower-bounded by m 2 R . Furthermore, if we have a zero mode for H R q (m R ) with
the eigenvalue E of Eq.(6) is exactly ±m R with an energy gap 2m R . The sign of E can be determined to be consistent with the sign in the limit q → 0. If we assume that the eigenstate is that of the chiral operator Γ with an eigenvalue +1 as
then the equation becomes
Note that in this case the energy must be positive, since it must approach to +m for q → 0. For a translationally invariant system, this reduces for each momentum sector specified by a wave vector k to
where d(k) is a complex number which appears in the Hamiltonian in the momentum space as
The (Fig. 1) . Assuming the continuity of a complex number d(k) around the ±k 0 , we may choose k to satisfy the above equation (7) provided that the amplitude m R sinh q is small enough. 
Another important observation is that the exact zero modes of the deformed Hamiltonian, which is an eigenstate of the generalized chiral operator, has the energy expectation value ±m R in the presence of the mass term mΓ even for systems without translational invariance. Let us assume that there exist a zero mode ψ 
which is an exact zero modes of the deformed Hamiltonian H τ (q). We then have an expectation value, 
IV. TRANSLATIONALLY INVARIANT SYSTEMS
For systems with the translational invariance, the Hamiltonian can be reduced, in the momentum space, to a form (8) and the deformed Hamiltonian given as
with τ = (cos θ, sin θ, 0) then becomes
In the following, we consider two examples of translationally invariant bipartite lattice models, namely, honeycomb lattice and the π-flux model on the square lattice.
A. honeycomb lattice
For the honeycomb lattice having only the nearestneighbor hopping t, we have [20] 
where (k 1 , k 2 ) denotes (k·e 1 , k·e 2 ) with the primitive vectors (e 1 , e 2 ) of the honeycomb lattice (Fig. 2) defined as e 1 = ( √ 3/2e x + 3/2e y )a and e 2 = (− √ 3/2e x + 3/2e y )a. Here e x(y) stands for the unit vector along x(y) and a the nearest-neighbor distance of the honeycomb lattice.
First, we consider the deformation respecting the timereversal invariance, where τ =x = (1, 0, 0), namely θ = 0. The deformed Hamiltonian then becomes where I 2 is the 2 × 2 identity matrix. The corresponding hoppings are displayed in Fig. 2 (b) . The energy dispersion becomes
where the symmetry
by the time-reversal invariance (Appendix A) is satisfied. In this representation, K and K' points are at (k 1 , k 2 ) = (−2π/3, +2π/3) and (2π/3, −2π/3), respectively. If we expand the Hamiltonian around the K point, we have
where an effective momentum p = δk is defined in terms of δk = k − k 0 with k 0 being the wave vector at the K point. Similarly, we can derive the effective Hamiltonian for valley K' (Table I) . We see that the isotropic and vertical Dirac fermions at the valleys K and K' of the honeycomb lattice are deformed into anisotropic and tilted Dirac fermions (Table I and Fig. 3 ). Note that the tilting directions are opposite in the two valleys K and K' due to the time-reversal invariance. In the present system, the staggered potential plays a role of the mass term, mσ z . If we include this term, the energy dispersion is modified to
As discussed in Section 3, this can be rewritten in a form
The energy gap is therefore given exactly as ±m R = ±m/ cosh q as long as we have a solution for d(k) − m R sinh q = 0, which is guaranteed for m tanh q ≤ 3t. Next, we consider the case θ = π/2, where the deformation operator Tŷ(q) = exp(qσ y /2) breaks the timereversal invariance. For such a case, we find
in which we have a symmetry
. In this case, the Dirac cones at K and K' are tilted in the same direction (Fig. 4) . The parameters for the effective low-energy Hamiltonian at K and K' points are summarized in Table I . where r = xe x + ye y with x, y : integers. For this model, we have [15, 20] 
where (k 1 , k 2 ) = (k · e 1 , k · e 2 ) with the primitive vectors for the π-flux model shown in Fig. 5(b) , (e 1 , e 2 ) = (e x − e y , e x + e y ) with the nearest-neighbor distance of the square lattice taken as the unit of length. This model has two Dirac points (which we shall also call K and K') at (k x , k y ) = (0, π/2) and (0, −π/2).
The parameters of the effective Hamiltonians at K and K' for Hx(q) and Hŷ(q) are given in Table II . Again, we find that the Dirac cones are tilted in opposite directions (Fig. 6 (a) ) by the deformation Tx(q) due to the timereversal invariance, while the cones are tilted in the same direction (Fig. 6 (b) ) for Hŷ(q).
It is to be remarked that the tilting direction in the π-flux model by the same operator Tx(q) (or Tŷ(q)) is different from that in the honeycomb lattice. This is a clear demonstration of the fact that the tilting direction is actually determined not only by the choice of τ but by the parameters X and Y in the effective Hamiltonian at each valley. (a) The π-flux model on a square lattice, where we display a unit cell (shaded) and the primitive vectors e1 = (1, −1) and e2 = (1, 1) with the distance between the nearest-neighbor sites taken to be the unit of length. Thin lines represent the hopping amplitude −t while the thick ones are t. The filled (open) circles denote A(B) sub-lattice sites. (b) q-deformed π-flux model with Tx(q). The hopping amplitudes are given by t0 = −(t/2)(cosh q + 1), t1 = t cosh q, t2 = (t/2) sinh q and t3 = −(t/2)(cosh q − 1). The potential energies are also modified uniformly to −t sinh q.
FIG. 6. (Color online)
Energy dispersions of the π-flux model deformed by (a) Tx(q) and by (b) Tŷ(q) with q = 0.5. Dirac cones at K and K' points are tilted along +ky and −ky directions, respectively, for Tx(q), while they are both tilted in the −kx direction for Tŷ(q). The site energies are also modified uniformly to −t sinh q.
V. APPLICATION TO FERMION-VORTEX SYSTEMS
One of the advantages of the present deformation scheme is that it can be applied to systems without translational invariance. Let us then take an example in the fermion-vortex system, where the zero modes are expected to accommodate fractionally charged states [23] [24] [25] . For a fermion-vortex system, it has been shown that there exist n zero-energy states localized around the vortex with a winding number n [17] . For a conventional fermion-vortex system, the Dirac cones are vertical and therefore the lattice models considered in the previous studies respect the conventional chiral symmetry. Then the zero-energy states are simply eigenstates of the chiral operator having their amplitudes only on one of the A(B) sub-lattices. Thus it is intriguing to see how the zeroenergy states would be modified for tilted Dirac fermions, so we apply the present deformation with the generalized chiral symmetry preserved to vortex systems.
As the starting Hamiltonian, we consider a vortex of a dimer order in the π-flux model as shown Fig. (7) [ 25] . For that purpose, we introduce to the Hamiltonian H π−flux four types of dimer orders, We arrange these four orders (shaded in different colors in Fig.7 dimer are introduced in the regions x > |y|, y > |x|, x < −|y| and y < −|x|, respectively. Then we have a vortex at the center, which is assumed to be on B sublattice without a loss of generality. When the whole system is covered by one of the dimer orders, for example by H −x dimer , the dimer order mixes the two Dirac points K and K', and the energies E(k) is given by
1/2 with a gap ±2δt at (k x , k y ) = (0, ±π/2). The effective lowenergy Hamiltonian can be expressed with a basis {K A ,
where k ± = k x ± ik y , α = 2ta, and ∆ = |∆|e iθ with |∆| = 2δt. The phases of ∆ for the orders H −x dimer , H +x dimer and H ±y dimer can be assigned as θ = 0, π, and ±π/2, respectively. The winding number n of the present vortex is thus n = −1. It has been shown [17, 23] that such a vortex has a zero-energy state residing only on the B sub-lattice. This can be verified numerically by diagonalizing the Hamiltonian for a finite system with the vortex (Fig. 7(a) ), where the zero mode localized at the vortex indeed has its amplitude only on the B sub-lattice ( Fig.  7 (b) ).
The generalization of such zero modes to the tilted Dirac fermions can be carried out by the present deformation. If we denote the original Hamiltonian with a vortex shown in Fig. 7(a) as H (0) vortex , a deformed Hamiltonian H (q) vortex can be defined as
Here we consider a time-reversal invariant deformation. The zero-energy state ψ q for the deformed Hamiltonian turns out to exist, and its spatial profile is obtained as shown Fig. 8(a) . We can immediately notice that the amplitudes reside not only on B sub-lattices but also on A. Note that the zero-energy state ψ q of the deformed Hamiltonian is related to that of the original Hamiltonian via ψ q = Tx(q)ψ 0 . Since the operation of Tx simply results in a modification of the wave function in each unit cell, which is uniform over unit cells, the spatial behavior (decay, etc) of the wave function is little affected by the deformation. Specifically, the decay-rate of the zeroenergy state is unaffected by the present deformation, implying the size of the vortex state is insensitive to the tilting of the Dirac dispersion. It is to be noted that the bulk gap at E = 0 within a single domain depends on q as ∆E q = ±2δt[(1 − tanh q)/(1 + tanh q)] 1/2 , which goes to zero as q → ∞. The decay rate, which is independent of q, therefore behaves differently from the bulk gap. We have actually confirmed this numerically by the fact that the amplitude of the wave function for q = 1 (normalized by its value at the vortex center) and that for q = 0 are indistinguishable over several orders of magnitudes and the exponential decay of the wave functions is welldescribed by ∝ exp(−(δt/t)r) with r the distance from the center of the vortex as shown in Fig. 8(b) .
The present deformation for the fermion-vortex system clearly shows that the zero energy states obtained by Jackiw and Rossi [17] , which are the eigenstates of the conventional chiral operator, can be extended to tilted Dirac fermions as the eigenstates of the generalized chiral operator. 
VI. SUMMARY
We have proposed an algebraic deformation of the Hamiltonian in which the generalized chiral symmetry is rigorously preserved. The deformation can be ap- plied to a wide variety of lattice models with/without the translational invariance and provides a unified theoretical framework for the general two-dimensional Dirac fermions with/without tilting. By applying the deformation to conventional Dirac fermions on lattice models, we have indeed generated systematically the general tilted Dirac fermions on lattice models with the rigorous generalized chiral symmetry. Throughout the deformation, the zero-energy state is preserved as the exact eigenstate of the generalized chiral operator, where its wave function is given by a simple transformation of that of the original Hamiltonian. Since the transformation is uniform over the system, the spatial profile of zero modes are insensitive to tilting the Dirac cones. With such a deformation, we have shown that the zero modes of the fermion-vortex system can be generalized to tilted Dirac fermions as the eigenstates of the generalized chiral operator. A possible application of the present deformation to, e.g., realistic lattice models for massless Dirac fermions in organic materials with four sites in a unit cell [9] [10] [11] [12] [13] that have considerably tilted Dirac cones is an interesting future problem.
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The work was supported in part by JPSJ KAKENHI grant numbers JP15K05218 (TK), JP16K13845 (YH) and JP26247064. x (q) = Hx(q), which suggests that the time-reversal invariance is retained throughout the deformation. Note that Tx(q) is real, so that ΘTx(q)Θ −1 = Tx(q). For an eigenstate ψ k having an eigenvalue E(k) with a wave number k, we also have Hx(q)ψ −k = Hx(q)Θψ k = ΘHx(q)ψ k = E q (k)ψ −k , which implies a symmetry E q (k) = E q (−k) for the energy dispersion.
For the case of Hŷ(q), on the other hand, we have ΘTŷ(q)Θ −1 = Tŷ(−q), hence ΘHŷ(q)Θ −1 = Hŷ(−q), leading to a symmetry E −q (k) = E q (−k). The timereversal symmetry is therefore broken in this case, and the deformed Hamiltonian indeed has complex transfer integrals.
